Abstract. We show that certain amenable subgroups inside A 2 -groups are singular in the sense of Boutonnet and Carderi. This gives a new family of examples of singular group von Neumann subalgebras. We also give a geometric proof that if G is an acylindrically hyperbolic group, H is an infinite amenable subgroup containing a loxodromic element, then H < G is singular. Finally, we present (counter)examples to show both situations happen concerning maximal amenability of LH inside LG if H does not contain loxodromic elements.
Introduction
Let M be a finite von Neumann algebra, N be a von Neumann subalgebra of M and denote by E N the trace-preserving conditional expectation from M onto N. A classical topic in von Neumann algebras is to study the relative position of N inside M. There are two closely related notions to describe the relative position of N inside M. One is singularity and the other one is maximal amenability.
Recall that N is called singular in M [9] if the normalizer of N, i.e. N(N) := {u ∈ U(M) : uNu * = N}, is contained in N. In general, it is not easy to decide whether given subalgebras, e.g. maximal abelian subalgebras (masas), are singular and this prompted Sinclair and Smith to introduce, a priori, stronger notion of singuality, which was called strongly singularity in [26] . Recall that N is said to be strongly singular if, for every unitary u ∈ M sup ||x||≤1 ||(E N − E uNu * )x|| 2 ≥ ||(Id − E N )u|| 2 ,
where || · || 2 denotes the L 2 -norm associated with a prescribed faithful normal trace on M. Although the definition is more involved, it is easier to check, especially for group von Neumann subalgebras. For example, certain subgroups of hyperbolic groups are shown to give rise to strongly singular von Neumann subalgebras in [26] . Moreover, it was shown in [27] that a singular masa is in fact also strongly singular for a separable II 1 factor M.
Besides singularity, one also studies maximal amenability. Recall that N is maximal amenable in M if N is amenable and there are no amenable subalgebras in M that strictly contain N. Clearly, a maximal amenable von Neumann subalgebra is automatically singular. Although every nonamenable von Neumann algebra M contains maximal amenable von Neumann subalgebras by Zorn's lemma, it is rather difficult to construct concrete examples of maximal amenable von Neumann subalgebras.
The first such a concrete example is due to Popa. In [20] Popa proved that the abelian von Neumann subalgebra generated by one of the generators of the non-abelian free group F n , i.e. the generator masa, is maximal injective in the free group factor L(F n ). One ingredient in his proof is the so-called "asymptotic orthogonality property" for the generator masas inside L(F n ). This method was later applied elsewhere, see e.g. [2, 11] .
More recently, new techinques introduced in [1] allowed to obtain more explicit examples of maximal amenable group von Neumann subalgebras that come from infinite maximal amenable subgroups. This strategy is best suited for groups acting, in an appropriately regular way, on geometric objects and includes hyperbolic groups, many semisimple Lie groups of higher rank such as SL 3 (Z).
In [23, 24] for groups acting on geometric objects, e.g. affine buildings, certain subgroups are shown to give rise to strongly singular von Neumann subalgebras. If we regard the homogeneous tree as a one dimensional affine building of type A 1 , then the degenerate case of the results in [23, 24] states that the generator masas in L(F n ) are strongly singular. Hence, it is natural to ask whether results in [23, 24] can be strengthened to show the von Neumann subalgebras are actually maximal amenable. The main result of our paper is an affirmative answer to this question, see Theorem 2.5, Corollary 2.6. The proof is based on the geometric approach in [1] and previous work in [23] .
We organize this paper as follows. In Section 2, we recall necessary background on affine buildings that are used in our main theorem. In Section 3, we apply the geometric approach to acylindrically hyperbolic groups, which inspired questions studied in Section 4.
Preliminaries and main theorem
2.1. Affine buildings. Let us briefly recall several standard facts on affine buildings, we refer the readers to [4, 25] for more details.
Let ∆ be an affine building. By ∆ 0 we denote its set of vertices. Similarly, let A be an apartment, then A 0 denotes its vertices. We consider the boundary ∂∆ = X, which is defined as the equivalence classes of sectors in ∆. Recall that two sectors are equivalent (or parallel) if their intersection contains a sector. Fix a special vertex x ∈ ∆, for any ω ∈ Ω, there is a unique sector [x, ω) in the class ω having base vertex x [25, Theorem 9.6, Lemma 9.7] . The boundary Ω is defined to be the set of equivalent classes of sectors in ∆. Ω also has the structure of a spherical building [25, Theorem 9.6] and topologically, Ω is a totally disconnected compact Hausdorff space and a basis for the topology is given by the set of the form Ω x (v) = {ω ∈ Ω : [x, ω) contains v}.
Two boundary points ω,ω in Ω are said to be opposite if the distance between them is the diameter of the spherical building Ω. This is equivalent to the property that they are represented by opposite sectors S ,S with the same base vertex in some apartment of ∆ by [12, Lemma 3.5] .
For an ω in Ω, we can define O(ω) to be the set of all ω ′ ∈ Ω such that ω ′ is opposite to ω. Note that O(ω) is an open set. Moreover, if ω ∈ Ω and A is an apartment in ∆, then there exists a boundary pointω of A such thatω is opposite ω [12, Lemma 3.2]. As a corollary, if ω 1 , . . . , ω n are the boundary points of an apartment, then Here, we use notation (B2') to distinguish it from condition (B2). Note that both (B2) and (B2') are checked and applied for the same type of examples. 
The above notion of periodic apartments was called "doubly periodic apartments" in [21, 24] ; while in [12, 23] , it was simply called periodic apartments.
Let A be the periodic apartment appeared in condition (B2'), and fix a special vertex z in A. As explained in [12, P. 207], we choose a pair of opposite sectors W + , W − in A based at z and denote by ω ± the boundary points represented by W ± , respectively. By periodicity of A, there is a periodic direction represented by a line L in the sector direction of W + . This means that there exists some element u ∈ G which leaves L invariant and translates the apartment A in the direction of L. Then u n ω
One ingredient for our proof is [12, Proposition 3.7] , which shows that ω − is an attracting fixed point for u −1 . We state it below (using our notations) for readers' convenience.
Proposition 2.2 (Proposition 3.7 in [12]
). Let G acts properly and cocompactly on an affine building ∆ with boundary Ω. Let A be a periodic apartment and choose a pair of opposite boundary points ω ± . Let u ∈ G be an element which translates the apartment A in the direction of ω
We note that during the proof of this proposition, the authors introduced an increasing family of compact open sets 
For convenience we will denote by Prob H (X) the space of H-invariant probability measures on X.
It turns out that with the presence of singularity, an amenable subgroup is automatically maximal amenable [1, Lemma 2.2]. More importantly, this fact is also witnessed at the level of von Neumann algebras as shown in the following theorem. 
2.4.
Main theorem and its proof. Now, we are ready to state our main theorem, which is a strengthening of [23, Theorem 5.8].
Theorem 2.5. Let G be a group of automorphisms of a locally finite affine building ∆ with boundary Ω. Assume that (B1), (B2'), (B3) hold and H ⊆ G is as described in condition (B2'). Then H is a singular subgroup in G.
Proof. According to Definition 2.3, we need to show that for any µ ∈ Prob H (Ω) and every g ∈ G\H, we have g·µ ⊥ µ. Consider such a µ ∈ Prob H (Ω) and denote by {w 1 , . . . , w k } the boundary points of the apartment A appeared in condition (B2'). Note that Ω is a spherical building and k equals the cardinality of the spherical Weyl group, which is finite.
We claim that supp(µ) ⊆ {w 1 , . . . , w k }. Indeed, assume the contrary and take any w ∈ supp(µ) \ {w 1 , . . . , w k }. Since w ∈ supp(µ), we may take a small closed neighborhood of w, say N w , such that N w ∩ {w 1 , . . . , w k } = ∅ and µ(N w ) > 0. Since the boundary points of the apartment A are exactly w 1 , . . . , w k , we may apply [12, Corollary 3.3] 
is the set of all w ′ ∈ Ω such that w ′ is opposite to w. Without loss of generality, we may assume µ(N w ∩O(w 1 )) > 0 and that w k is the opposite boundary point of w 1 . N w ∩ O(w 1 ) may not be a compact subset of O(w 1 ), but one may replace it with the intersection with some K n defined in the proof of [12, Proposition 3.7] . See the paragraph after Proposition 2.2 for a quick explanation.
Hence we obtain a compact subset with µ(N w ∩ O(w 1 ) ∩ K n ) > 0. Note that [12, Proposition 3.7] applies since condition (B1) guarantees that the action of G on the vertex set ∆ 0 is proper and cocompact and A is periodic by condition (B2'). Without loss of generality, we assume N w ∩ O(w 1 ) is a compact subset of O(w 1 ). Then by [23, Proposition 3.7] , we know that lim n→∞ u −n (N w ∩ O(w 1 )) = {w k }, where u ∈ G is an element which translates the apartment A in the direction of w 1 .
Note that u satisfies the extra property uω 1 = ω 1 , this implies that u ∈ H. Indeed, since we have sector representatives for uω 1 
Since all w i are fixed points under H, we deduce for any n ≥ 1, w k u −n (N w ), which implies w k u −n (N w ∩ O(w 1 )), since N w is closed in Ω. Therefore, we may find an increasing sequence n i → ∞ such that u 
Acylindrically hyperbolic groups
In [2, p. 1201], it was mentioned that if H < G is an infinite amenable subgroup which is hyperbolically embedded then LH is maximal amenable inside LG. Since the proof was based on Popa's asymptotic orthogonality approach and was omitted, we take this opportunity to include a proof of a slightly weaker version (see Remark 3.6) of this result using the geometric approach in [1] . The proof is similar to the proof of [1, Lemma 3.2], but uses more recent work on acylindrically hyperbolic groups.
Let us first briefly recall the standard terminology related to acylindrically hyperbolic groups, we refer the readers to [8, 17] for details.
An action of a group G on a metric space S is called acylindrical if for every ǫ > 0 there exist R, N > 0 such that for every two points x, y with d(x, y) > R, there are at most N elements g ∈ G satisfying d(x, gx) ≤ ǫ and d(y, gy) ≤ ǫ. From now on, we assume the space S is hyperbolic and G acts on S isometrically, this action extends to an action on its Gromov boundary X := ∂S by homeomorphisms. We say an element g ∈ G is loxodromic if the map Z → S defined by n → g n s is a quasi-isometry for some (equivalently, any) s ∈ S . Every loxodromic element g ∈ G has exactly two limit points g ±∞ on ∂S . Loxodromic elements g, h ∈ G are called independent if the sets {g ±∞ } and {h ±∞ } are disjoint. We say the action G S is elementary if the limit set of G on ∂S contains at most two points. Here, the limit set of G is just the set of accumulation points of a G-oribts on ∂S . In fact, this definition does not depend on the choice of G-orbits.
G is called an acylindrically hyperbolic group if it admits a non-elementary acylindrical action on a hyperbolic space S . Typical examples of acylindrically hyperbolic groups include non-elementary hyperbolic groups, certain non-virtually-cyclic relatively hyperbolic groups, mapping class groups and Out(F n ) for n ≥ 2 etc.
A useful tool used later is the following theorem of Osin on classification of groups acting acylindrically on hyperbolic spaces. Note that for an acylindrically hyperbolic group G (w.r.t. G S ), condition (3) below holds.
Theorem 3.1 (Theorem 1.1 in [17]). Let G be a group acting acylindrically on a hyperbolic space S (isometrically). Then G satisfies exactly one of the following three conditions. (1) G has bounded orbits. (2) G is virtually cyclic and contains a loxodromic element. (3) G contains infinitely many independent loxodromic elements.
We are now in the position to state the following result.
Theorem 3.2. Let G be an acylindrically hyperbolic group (say w.r.t the action G S ) and H be any maximal amenable subgroup containing a loxodromic element h (w.r.t. G S ). Then LH < LG is maximal injective.
This is a direct corollary of the following proposition which proves that H is singular in G. For the proof, we record the following lemma. (ii) We only need to show the support of any H-invariant probability measure is contained in {a, b}. This is a consequence of the north-south dynamics action of h. We sketch the proof for completeness. Assume there exists p ∈ supp(µ) \ {a, b}, then since X is complete Hausdorff (i.e. for any two distinct points u, v ∈ X, there are open sets U, V containing u, v respectively, such thatŪ ∩V = ∅, see [28] ), we may find a closed neighborhood O p of p such that O p ∩ {a, b} = ∅ and µ(O p ) > 0. Then there exists an increasing sequence n i such that h n i O p → a and the family of sets {h
Lemma 3.4. Let a, b be the two fixed points of the loxodromic element h in X
= ∂S . Then Stab G (a) = Stab G (b).
Proof. Assume not, then either Stab
Then the proof goes similarly as in [1] . We include it for completeness. Take g ∈ G such that g · a = b. If there exists some s ∈ H which exchanges a and b. Then sg fixes a and so g ∈ H. Otherwise, all elements in H fix a and b, then gsg −1 fixes b and g −1 sg fixes a, for all s ∈ H. Hence g normalizes H so g ∈ H by maximal amenability. 
The case of no loxodromic elements in H
Motivated by Theorem 3.2, it is natural to ask whether we can drop the assumption that H contains loxodromic elements or more generally H is hyperbolically embedded. Moreover, by [16] , we know that many non-amenable groups with positive first ℓ 2 -Betti number are acylindrically hyperbolic, then it is natural to ask whether LH is maximal amenable in LG if H < G is infinite maximal amenable and β (1) β Proof. First, we observe that it suffices to show K is free from g for every
We are left to show for all g ∈ K * L \ K, K is free from g. Claim 1: for every e k ∈ K and every g ∈ K * L \ K, K is free from g if and only if K is free from kg.
Proof of Claim 1. By symmetry, it suffices to show ⇒ holds.
Suppose
Then, since K is free from g, we deduce |m 1 |, . . . , |m i−1 | = 1; otherwise, by looking at the middle word pieces between any two successive g ± , we deduce k = e, a contradiction.
Then, we divide the argument into four cases. By Claim 1 and taking inverses it is also clear that for any e k ∈ K, K is free from g if and only if K is free from gk. Hence, to prove g is free from K, we may assume when written in reduced form, either g = x or g = xty, where x, y ∈ L \ {e} and e t is a reduced word in G with head and tail come from K. Then clearly, g is free from K. Proof. It suffices to prove K := g, a contains free group F 2 for every g ∈ G \ H.
By the normal form theorem for HNN extension [14, Page 182] , for every e g ∈ G, we may write g in reduced normal form, i.e. g = a i 0 t ǫ 1 a i 1 t ǫ 2 · · · t ǫ k a i k , where ǫ i ∈ {±1} and no substrings of the form ta m * t −1 or t −1 a n * t appear, where m * (respectively, n * ) denotes any integer divisible by m (respectively, n). Moreover, if ǫ j = 1 for some 1 ≤ j ≤ k, then 0 ≤ i j < m; similarly, if ǫ j = −1 for some 1 ≤ j ≤ k, then 0 ≤ i j < n.
Notice that K = a −i 0 ga −i k , a and a −i 0 ga −i k ∈ G \ H, so without loss of generality, we may assume that g = t ǫ 1 a i 1 t ǫ 2 · · · t ǫ k in reduced normal form. Then, using Britton's lemma (see [3] or [14, Page 181]), one can check that gag −1 a is free from agag −1 and both have infinite order if |m|, |n| ≥ 3; in other words, F 2 gag −1 a, agag −1 ⊆ K.
Despite the existence of the above examples, we also have examples showing that some maximal amenable but not hyperbolically embeded subgroups may give rise to maximal amenable group von Neumann algebras. Indeed, let G = (Z × F 2 ) * F 2 = ( a × b, c ) * F 2 , K = Z × F 2 = a × b, c and H = Z 2 = a, b . Since a ⊆ cHc −1 ∩ H is infinite, H is not almost malnormal; therefore it is not hyperbolically embeded in the acylindrically hyperbolic group G. While LH is maximal amenable in LK by [1, Theorem 2.4], hence LH is still maximal amenable in LG = LK * LF 2 since any amenable subalgebra (in LG) containing LH is contained in LK by [11] or [18] .
